Abstract. Let G be a finite group and suppose that the set of conjugacy class sizes of G is f1; m; mng, where m; n > 1 are coprime. We prove that m ¼ p for some prime p dividing n À 1. We also show that G has an abelian normal p-complement and that if P is a Sylow p-subgroup of G, then jP 0 j ¼ p and jP=ZðGÞ p j ¼ p 2 . We obtain other properties and determine completely the structure of G.
Introduction
Some results on the structure of finite groups with three conjugacy class sizes are known. The most important one is due to Itô , who showed in [12] that such groups are always solvable, appealing to the Feit-Thompson theorem and deep classification theorems of Suzuki. This result was simplified by Rebmann [15] in the case when G is an F -group (that is, G contains no pair of non-central elements x and y such that the centralizer of x contains that of y properly). He determined the structure of F -groups using results of Baer and Suzuki. Later, Camina proved in [6] , using the description of finite groups with dihedral Sylow 2-subgroups given by Gorenstein and Walter [7] , that if G does not possess the property F and has three class sizes, then G is a direct product of an abelian subgroup and a subgroup whose order involves no more than two primes. On the other hand, several structure theorems have been obtained without using solvability. For instance, it was first proved in [13] that if the conjugacy class sizes of G are f1; m; ng with m; n > 1 coprime, then G=ZðGÞ is a Frobenius group and the inverse image in G of the kernel and a complement are abelian. Also, Camina determined in [4] the structure of a group whose class sizes are f1; p a ; p a q b g for distinct primes p and q (in this case solvability is immediate).
In this paper we analyze a new case of groups having three class sizes and generalize the result of Camina. Our main theorem determines the structure of those groups whose class sizes are f1; m; mng, where m and n are coprime. In the proof we have not used the solvability result obtained by Itô . We have preferred to avoid it by using more elementary techniques at the cost of making the proof longer. These alternative techniques concern local information of the group given the class sizes of p-elements for distinct sets p of primes. For instance, we will use the main theorem of [2] on conjugacy classes of p 0 -elements as well as develop new results related to arithmetical properties on conjugacy classes of p-elements.
Theorem A. Let G be a finite group with no abelian direct factors and suppose that its conjugacy class sizes are f1; m; mng, where m; n > 1 are coprime. Then G is an F -group, m ¼ p for some prime p and G contains an abelian normal subgroup M ¼ H Â P 0 of index p, where P 0 is a Sylow p-subgroup of M, and neither H nor P 0 is central in G. Furthermore, M is the set of all elements of G of index 1 or p, and if P is a Sylow p-subgroup of G then P=P 0 acts fixed-point-freely on H=ZðGÞ p 0 and n ¼ jH=ZðGÞ p 0 j. Also jP 0 j ¼ p and jP=ZðGÞ p j ¼ p 2 .
We remark that n À 1 must be divisible by p as a consequence of the fixed-pointfree action appearing in the structure of the group. For any prime p the situation described in Theorem A does exist. For instance, let
be a non-abelian p-group of order p 3 and exponent p 2 and take P 0 ¼ hxi. Let n be any integer such that p divides q À 1 for any prime factor q dividing n (accordingly p divides n À 1) and let H be a cyclic group of order n. We consider the action of P on H defined in the following way: x acts trivially on H and y acts as a fixed-point-free automorphism of order p on each direct factor of prime-power order of H. Then G ¼ HP is an example of group with class sizes f1; p; png.
If p is any set of primes, we denote by G p the set of p-elements of a group G. For any x A G, the conjugacy class will be denoted by x G and its size will be called the index of x in G. All groups considered are finite and the rest of the notation is standard.
Preliminary results
We will need some classical results relating arithmetical conditions on conjugacy class sizes and group structure. Lemma 1. Let G be a group. A prime p does not divide any conjugacy class size of G if and only if G has a central Sylow p-subgroup.
Proof. See for instance [8, Theorem 33.4] . r Lemma 2. Let G be a group such that p a is the highest power of the prime p which divides the index of an element of G. Assume that there is a p-element in G whose index is p a . Then G has normal p-complement.
Proof. This is [4 The following was originally obtained by Itô in [11] .
Theorem 5. Suppose that 1 and m > 1 are the only lengths of conjugacy classes of a group G. Then G ¼ P Â A, where P A Syl p ðGÞ and A is abelian. In particular, m is a power of p.
Proof. See [8, Theorem 33.6] . r Therefore, the structure of groups with class sizes f1; mg reduces to p-groups with class sizes f1; p a g. In [11] , the following is proved in a more lengthy way; see also [10, Corollary 2.2].
Corollary 6. Let P be a p-group whose class sizes are f1; p a g. Then P=ZðPÞ has exponent p.
Proof. In the proof of Theorem 5 above, in Step 8 it is asserted that every element of G=ZðGÞ has prime order when the class sizes of G are f1; mg, so in particular P=ZðPÞ has exponent p. r
We also need some results on conjugacy classes of p 0 -elements. The first is exactly [4, Lemma 1], but we present an easier proof.
Lemma 7.
Suppose that G is a group and let p be a prime such that every conjugacy class size of an element in G p 0 is a p 0 -number. Then G ¼ P Â H where P is a Sylow p-subgroup and H is a p-complement of G.
Proof. Let g A G and let g ¼ g p g p 0 be its f p; p 0 g-decomposition. Suppose that g p 0 is non-central. As the class size of g p 0 is a p 0 -number, if we fix a Sylow p-subgroup P of G, then there exists some t A G such that g p A P t J C G ðg p 0 Þ. Therefore,
Then G ¼ PC G ðPÞ and so 
Proof. This is [2, Theorem A]. r Remark. The p-solvability hypothesis in the above theorem could be eliminated using [6, Corollary of Theorem 1], but it is based on results of Gorenstein and Walter, as we said in the introduction. This corollary will not be necessary in order to prove Theorem A. The proof of Theorem 9 is divided into two cases: when all centralizers of non-central p 0 -elements are G-conjugate and when they are not. In the second case, the p-solvability of G is not needed, so it can be replaced by the fact that the centralizers of non-central p 0 -elements are not all G-conjugate. We stress that when p does not divide the order of G, that is, for ordinary conjugacy classes, the event that all centralizers of non-central elements are G-conjugate cannot happen. The following example shows that in general the centralizers of non-central p 0 -elements can be G-conjugate. Let us consider an automorphism a of order 3 acting non-trivially on the quaternion group H of order 8. Then the centralizers of all non-central 2-elements in the split extension G ¼ Hhai are conjugate in G.
We need to introduce for an arbitrary set of primes p some new properties generalizing the ones given by Itô in [12] for ordinary conjugacy classes. We will say that G has the property F p , or that it is an F p -group, if every non-central x A G p satisfies (i) if C G ðxÞ J C G ðaÞ for some a A G p , then a A ZðGÞ or C G ðxÞ ¼ C G ðaÞ, and
This means that the centralizer of each non-central p-element is maximal and minimal among the centralizers of all non-central p-elements.
On the other hand, we will say that G has the property A p if for all non-central x A G p the centralizer factorizes as C G ðxÞ ¼ C G ðxÞ p Â C G ðxÞ p 0 , with C G ðxÞ p an abelian p-subgroup and C G ðxÞ p 0 a p 0 -subgroup. It is easy to see that every group having the property A p is an F p -group. When p is the set of all primes, an F p -group is trivially an F -group and if G has the property A p we will say that G has the property A.
The following theorem is one of the key results used in the proof of our main theorem and it extends Theorems 5 and 9 and Corollary 6.
Theorem 10. Let G be a group and p a set of primes. Suppose that G satisfies the property A p and suppose that jx G j p ¼ m for any non-central x A G p , where m > 1 is a fixed number. Suppose further that the centralizers of non-central p-elements are not all conjugate. Then m ¼ p a for some prime p A p and P=ZðGÞ p has exponent p for any Sylow p-subgroup P of G.
Proof. The proof is based on the one which we have cited for Theorem 5. We proceed in several steps.
Step 1. Let x and y be two non-central p-elements. If C G ðxÞ 0 C G ð yÞ, then ðC G ðxÞ V C G ð yÞÞ p ¼ ZðGÞ p .
Suppose that there exists a non-central element a A ðC G ðxÞ V C G ð yÞÞ p . Since G satisfies A p , we have C G ðxÞ J C G ðaÞ and C G ðyÞ J C G ðaÞ. Now, as G has the property A p , it also has the property F p , and since C G ðaÞ 0 G, we conclude
In the following steps, we set G ¼ G=ZðGÞ p and use bars to work in the factor group.
Step 2. Let x; y 0 1 be two p-elements in G such that xy ¼ yx and C G ðxÞ 0 C G ð yÞ. Then oðxÞ ¼ oðyÞ is a prime.
Notice that x and y are p-elements. Moreover, since x and y commute, then xy ¼ xy is a p-element and consequently, so is xy. Suppose first that oðxÞ < oð yÞ; then ðxyÞ oðxÞ ¼ y oðxÞ 0 1. Furthermore,
By applying
Step 1, we deduce that C G ðyÞ ¼ C G ðxyÞ, so in particular x A C G ðyÞ. As G satisfies A p then C G ðxÞ J C G ðyÞ, and since y is not central and G is an F p -group we have equality, contradicting the hypothesis of this step. Therefore, oðxÞ ¼ oðyÞ.
On the other hand, if s is a prime divisor of oðxÞ and x s 0 1, then we have
By the above paragraph it follows that oðx s Þ ¼ oðyÞ ¼ oðxÞ, a contradiction.
Step 3. Let g be a non-central element in G p and consider the conjugacy class of g in G,
Suppose that this is false. Then for every non-central x A G p we have that C G ðxÞ must contain some conjugate of g, say g n for some n A G. Thus, g n ¼ g n A C G ðxÞ, and consequently g n A C G ðxÞ p . As G satisfies A p we deduce that C G ðxÞ J C G ðg n Þ, and hence equality holds because G is an F p -group. It follows that the centralizers of any two non-central p-elements of G are conjugate in G, contradicting the hypotheses of the theorem.
Step 4. The order of every non-trivial p-element in G is a prime.
Suppose that oðgÞ is composite for some p-element g. Notice that g is a p-element too. By Step 3, there exists a non-central element x A G p such that g G V C G ðxÞ ¼ q. Write C p :¼ C G ðxÞ p and observe that C p operates on g G by conjugation. Furthermore, by Step 2 no element in C p distinct from 1 centralizes any element in g G , and hence all orbits of C p on g G have the same size, jC p j, which implies that jC p j divides jg G j.
Finite groups with three class sizes
On the other hand, again by applying Step 2, we deduce that C G ðgÞ p operates without fixed points on
Step 5. Conclusion.
As the subgroups C G ðxÞ p for non-central x A G p are abelian and have the same order, each jC G ðxÞ p j is a power of some prime p A p by Step 4. Hence G is a ðp 0 U f pgÞ-group and thus m ¼ p a . Moreover, by Step 4, if P A Syl p ðGÞ then every element of P has prime order, and thus P G P=ZðGÞ p has exponent p. r
Finally, we will make use of two classical results on automorphism groups. The first is Thompson's A Â B-lemma and the second is due to Isaacs and Passman.
Theorem 11. Let AB be a finite group represented as a group of automorphisms of a p-group G with ½A; B ¼ 1 ¼ ½A; C G ðBÞ, B a p-group and A ¼ O p ðAÞ. Then ½A; G ¼ 1.
Proof. See for instance [1, (24.2)]. r
We recall that a permutation representation is half-transitive if all orbits have the same size.
Theorem 12. Let A be a group of automorphisms of G which acts half-transitively as a permutation group on G À f1g. If jAj > 1, then either A acts fixed-point-freely on G or G is elementary abelian q-group for some prime q and A acts irreducibly.
Proof. See [9, Theorem 1]. r 3 Proof of Theorem A Proof of Theorem A. We denote by p the set of primes dividing m. We can assume without loss that p 0 is the set of primes dividing n, since any prime that divides neither n nor m provides by Lemma 1 a Sylow subgroup which is a central direct factor of G and we are assuming that such factors do not exist. The proof splits into two cases, depending on whether there are p-elements of index m in G or not. The first case provides the structure described in the theorem and the second will lead to a contradiction.
Case 1. We assume that there exist p-elements of index m. Suppose that x is such an element and observe that the maximality of C G ðxÞ and the primary decomposition of x allow us to assume that x is a p-element for some p A p. Now, if y is a p 0 -element of C G ðxÞ, then C G ðxyÞ ¼ C G ðxÞ V C G ðyÞ J C G ðxÞ, and thus the hypotheses on class sizes imply that y may have index 1 or n in C G ðxÞ. Since n is a p 0 -number, by Lemma 7 we can write C G ðxÞ ¼ C G ðxÞ p Â C G ðxÞ p 0 . We will distinguish the cases when C G ðxÞ p 0 is abelian and when it is not. We will see first that the second case is not possible. Case 1.1. Assume that C G ðxÞ p 0 is not abelian, which means that the class sizes of p 0 -elements in C G ðxÞ are exactly f1; ng. As C G ðxÞ is a p-solvable group, we may apply Theorem 9 to obtain that n ¼ p a r b for some prime r A p 0 . But since p does not divide n, we get n ¼ r b and
where P x and R x are Sylow p and r-subgroups of C G ðxÞ and A x is abelian. Note that in fact R x is a Sylow r-subgroup of G. We distinguish two cases and prove that both lead to a contradiction. We conclude that
and as a result, G ¼ R x C G ðR x Þ, that is, R x is a direct factor of G. But this cannot happen since the class sizes of G do not allow this situation. 
Since they have the same order these subgroups are equal. Hence ðP x Â A x Þ g is the only Hall r 0 -subgroup of C G ðbÞ, so it coincides with T w . As w A ðP x Â A x Þ g then R g x J C G ðwÞ, which is a contradiction. Thus, any non-central element b of R w has index mn and accordingly, C G ðwÞ ¼ C G ðbÞ. From this we easily obtain that T w is abelian and therefore C G ðwÞ is abelian. But R w J R g x for some g A G, and since y A ZðR x Þ, we get y g A C G ðbÞ ¼ C G ðwÞ. This cannot happen as we have proved that there are no r-elements of index m in C G ðwÞ.
Suppose finally that R w J ZðGÞ. This implies that jGj r =jZðGÞj r ¼ r b and hence there are no r-elements of index mn in G, so all r-elements have index 1 or m. Now if we take b A R x of index m then b A ZðR g x Þ for some g A G. Hence
and these subgroups coincide because they have the same order. On the other hand,
Consequently, b A ZðR x Þ and R x is abelian. But this shows that C G ðxÞ is abelian, which contradicts the assumption of this case. Case 1.2. Assume that C G ðxÞ p 0 is abelian. In this case, we can write
where P x is a p-subgroup, S x is an abelian ðp À fpgÞ-subgroup and H x is an abelian Hall p 0 -subgroup of G. We will prove that P x , and hence C G ðxÞ, is abelian. Observe that Hall p 0 -subgroups exist and they are all conjugate in G by a well-known theorem of Wielandt. Also, notice that H x cannot be central in G. So, if we take some non-central b A H x , then we have C G ðxÞ J C G ðbÞ and by maximality we get C G ðxÞ ¼ C G ðbÞ. Now for any p-element w A P x we have C G ðwbÞ ¼ C G ðwÞ V C G ðbÞ J C G ðbÞ. Then the index of w in C G ðbÞ may be 1 or n and necessarily must be 1 because H x J C G ðwÞ. So P x is central in C G ðxÞ, and hence C G ðxÞ is abelian, as wanted.
We 
By maximality, C G ðx g Þ ¼ C G ðb g Þ, and then w A C G ðx g Þ. As this is abelian, we have C G ðx g Þ J C G ðwÞ. Since these subgroups have the same order they are equal, and in particular C G ðwÞ is abelian as claimed.
We prove now that G is an F -group. Suppose first that w A G has index m. Clearly C G ðwÞ is maximal among the centralizers. On the other hand, if C G ðgÞ J C G ðwÞ then equality also holds since C G ðwÞ is abelian. Suppose then that w has index mn. It is obvious that C G ðwÞ is minimal among the centralizers and if C G ðwÞ J C G ðgÞ for some g A G, then necessarily C G ðwÞ ¼ C G ðgÞ. Otherwise g would have index m and by the above paragraph C G ðgÞ would be abelian, which would imply that C G ðgÞ J C G ðwÞ, a contradiction.
We show now that m is a power of p. We assume that m is not a prime power and we will prove first that the centralizers of elements of index mn are abelian. First of all, notice that if g has index mn and write g ¼ g p g p 0 ; then C G ðgÞ J C G ðg p 0 Þ. However, g p 0 has index 1 or m because the Hall p 0 -subgroups are abelian, so since G is an F -group g p 0 is central and g can be assumed to be a p-element. Furthermore, by using the primary decomposition, we can also assume g to be an s-element for some prime s A p and by the minimality of the centralizer we can write C G ðgÞ ¼ C G ðgÞ s Â C G ðgÞ s 0 with C G ðgÞ s 0 abelian. As m is not a prime power, let us take another prime l A p distinct from s. Observe that l must divide jC G ðgÞj because a Sylow l-subgroup cannot be central in G, and if t is a non-central l-element, then l divides jC G ðtÞj l ¼ jC G ðgÞj l . Also, for such t we have C G ðgÞ J C G ðtÞ. If t has index m we know then that C G ðtÞ is abelian and C G ðgÞ is abelian too, as we wanted to prove. If t has index mn then C G ðgÞ ¼ C G ðtÞ and by arguing with t as with g, it follows that C G ðgÞ is also abelian. In particular, we have shown that G has the property A. Moreover, the centralizers of non-central p-elements are clearly not all conjugate because of the existence of p-elements of index m and index mn. So we can apply Theorem 10 to get that m is a prime power, which is a contradiction.
Therefore, for the rest of this case we have m ¼ p a . As we have assumed the existence of p-elements of index p a throughout Case 1, we may apply Lemma 2 to obtain that G has an (abelian) normal p-complement H. We are ready to show that G has the structure described in the statement of the theorem.
Let M be the set of elements in G whose index is 1 or p a . Note that such elements are exactly those elements whose centralizer contains H, so M ¼ C G ðHÞ, whence M is a normal subgroup of G. Also if we take some non-central h A H, then C G ðHÞ J C G ðhÞ, and as C G ðhÞ and H are abelian we deduce that C G ðhÞ ¼ C G ðHÞ. As a consequence, M is abelian and we can write M ¼ H Â P 0 , with P 0 a p-subgroup (the set of p-elements in G of index p a or 1), which is trivially normal in G. Also, P 0 is non-central in G by the assumption of Case 1.
Let P be a Sylow p-subgroup of G and consider the coprime action of P=P 0 on H defined by h g ¼ h g for all h A H and all g A P.
As H is abelian, we can write H ¼ ½H; P=P 0 Â C H ðP=P 0 Þ. Moreover, if h A C H ðP=P 0 Þ then h g ¼ h for all g A P, so h A ZðGÞ and this shows that C H ðP=P 0 Þ ¼ ZðGÞ p 0 . We assert that P=P 0 acts fixed-point-freely on ½H; P=P 0 . To see this it is enough to notice that any h A ½H; P=P 0 À f1g is non-central and we know that C G ðhÞ ¼ M ¼ H Â P 0 by the above paragraph, so h cannot be centralized by any element of P À P 0 . Then, by [8, Theorem 16 .12], P=P 0 must be cyclic or generalized quaternion. On the other hand, we prove that the class sizes of P are f1; p a g. As G ¼ HP with H normal in G, it is easy to see that C G ðgÞ ¼ C H ðgÞC P ðgÞ for each g A P. This implies that
and this index may be 1, p a or p a n. This forces jP : C P ðgÞj to be 1 or p a , as claimed. Then we can apply Corollary 6 and P=ZðPÞ has exponent p. But note that the class sizes of G imply that ZðPÞ ¼ ZðGÞ p J P 0 and then, by the results obtained above, the only possibility for P=P 0 is to be cyclic of order p, and thus a ¼ 1 and M has index p in G. Finally, observe that if g A P À P 0 then p a n ¼ jG :
so n ¼ jH : C H ðgÞj ¼ jH=ZðGÞ p 0 j. Finally the structure stated in the theorem will be completely established when we prove that jP 0 j ¼ p and jP=ZðGÞ p j ¼ p 2 . The first claim follows easily from the fact that the class sizes of P are f1; pg (see [14] , for instance). On the other hand, P 0 is an abelian normal subgroup of P of index p, so we have P ¼ P 0 h yi ¼ P 0 C G ð yÞ for any y A P À P 0 . It follows that C P 0 ð yÞ ¼ ZðPÞ and then
We have shown above that ZðGÞ p ¼ ZðPÞ, and thus G has all properties stated in the theorem.
Case 2. Suppose that every p-element of G has class size 1 or mn. We will prove that this case is impossible. For the rest of the proof, let us fix a q-element x of index m for some prime q A p 0 . By the existence of p-elements of index mn, we have jC G ðxÞj p > jZðGÞj p , so we can choose then a p-element g A C G ðxÞ of index mn. The minimality of C G ðgÞ yields that C G ðgÞ ¼ C G ðgÞ p Â C G ðgÞ p 0 , where C G ðgÞ p 0 is abelian. Hence x A C G ðgÞ p 0 and thus C G ðgÞ J C G ðxÞ. We will distinguish two subcases depending on whether n is a prime power or not.
Case 2.1. Suppose that n ¼ q b and thus p 0 ¼ fqg. We are going to prove first that C G ðzÞ is abelian for any non-central z A G p . For such z, the minimality of C G ðzÞ implies that any q-element of C G ðzÞ is central in C G ðzÞ, that is, we have C G ðzÞ ¼ C G ðzÞ p Â C G ðzÞ q with C G ðzÞ q abelian. Since jC G ðzÞj q ¼ jC G ðxÞj q > jZðGÞj q we can choose some non-central w A C G ðzÞ q and get that either C G ðzÞ is equal to or is strictly contained in C G ðwÞ. In the first case, C G ðzÞ ¼ C G ðwÞ must be abelian. In the second case, w is a q-element of index m and every q 0 -element of C G ðwÞ has index 1 or q b in C G ðwÞ, so that by Lemma 2, the q-complement of C G ðwÞ is abelian, and consequently C G ðzÞ is abelian too. In particular, G has property A p and so has property F p . We consider the following subcases in order to apply Theorem 10 in the second one.
Case 2.1.a. Suppose that the centralizers of non-central elements in G p are all conjugate. We will prove that every element w A G lies in a conjugate of C G ðV Þ where V ¼ C G ðgÞ p . This will imply that V J ZðGÞ, which is a contradiction because g is not central in G.
If w has index m, then as jC G ðwÞj > jZðGÞj p , there is some non-central p-element z A C G ðwÞ, so C G ðzÞ J C G ðwÞ. By hypothesis, C G ðzÞ ¼ C G ðg h Þ, with h A G, whence w A C G ðV Þ h . Now, if w has index mq b , again as jC G ðwÞj p > jZðGÞj p , there exists some non-central p-element t A C G ðwÞ. Since C G ðtÞ is abelian we have C G ðtÞ J C G ðwÞ and by orders, C G ðwÞ ¼ C G ðtÞ. However, we are assuming that C G ðtÞ ¼ C G ðgÞ h for some h A G, so w belongs to C G ðV Þ h , as wanted.
Case 2.1.b. Suppose that the centralizers of non-central elements in G p are not all conjugate. Since jz G j p ¼ m for all z A G p À ZðGÞ, we can apply Theorem 10 and obtain that m ¼ p a for some prime p and that P=ZðGÞ p has exponent p for a Sylow p-subgroup P of G. In particular, G is a fp; qg-group. Now we show that O p ðGÞ is central in G. Assume first that w is a q-element of index m ¼ p a . By the assumption of Case 2, there exists a p-element t such that C G ðtÞ J C G ðwÞ. By applying Theorem 11, we obtain that w A C G ðO p ðGÞÞ. Assume now that w is a q-element of index p a q b . Notice that C G ðwÞ must be equal to the centralizer of some p-element. By Theorem 11 again, we have w A C G ðO p ðGÞÞ. So any z A O p ðGÞ is centralized by any q-element of G and since the index of z is 1 or p a q b , we conclude that z must be central in G. Therefore O p ðGÞ ¼ ZðGÞ p , and thus O p; q ðGÞ ¼ ZðGÞ p Â O q ðGÞ.
We prove now that G has a normal abelian Sylow q-subgroup. Suppose that G has a q-element w of index p a q b . Then G will have a p-element t such that C G ðtÞ ¼ C G ðwÞ and this centralizer is abelian. Moreover, by Theorem 11, we have O q ðGÞ J C G ðtÞ ¼ C G ðwÞ, so O q ðGÞ is also abelian. Hence w A C G ðO q ðGÞÞ ¼ C G ðO p; q ðGÞÞ J O p; q ðGÞ and so w A O q ðGÞ. On the other hand, if w is a q-element of index p a , by Corollary 6 we have w A O p; q ðGÞ, so w A O q ðGÞ too. We conclude that Q :¼ O q ðGÞ is a Sylow q-subgroup of G. Furthermore, if there is a q-element of index p a q b we have proved that Q is abelian, and if every q-element has index 1 or p a , by Lemma 2 we get that Q is abelian too.
Let M be the set of elements in G whose index is 1 or p a . It follows that M ¼ C G ðQÞ, whence M is a normal subgroup of G. Moreover, by the assumption of Case 2, if z is a p-element of M then z A ZðGÞ, so M ¼ Q Â ZðGÞ p . Let P be a Sylow p-subgroup of G. Observe that ZðGÞ p ¼ ZðPÞ. Write P 0 :¼ ZðPÞ and P :¼ P=P 0 (which we know has exponent p).
The group P acts coprimely on the abelian group Q, so we can write Q ¼ ½Q; P Â C Q ðPÞ. Also, observe that C Q ðPÞ ¼ C Q ðPÞ ¼ ZðGÞ q and ½Q; P ¼ ½Q; P. We claim that the action of P on ½Q; P À f1g is half-transitive, that is, all the orbits have the same size. Indeed, if x A ½Q; P À f1g then its class size is p a and the size of its orbit is
where the first equality holds since P 0 ¼ ZðGÞ p and the second follows from the fact that G ¼ PC G ðxÞ. By applying Theorem 12, either P acts fixed-point-freely on ½Q; P or P acts irreducibly. We will see that this second possibility also yields to a fix-point-free action. Suppose that P acts irreducibly on ½Q; P and take z A ZðPÞ. Then C ½Q; P ðzÞ is certainly a P-invariant subgroup, so either C ½Q; P ðzÞ ¼ 1 or C ½Q; P ðzÞ ¼ ½Q; P. In the latter case, as Q ¼ ZðGÞ q Â ½Q; P, it follows that z lies in C P ðQÞ ¼ P 0 , so z ¼ 1. Therefore, we conclude that ZðPÞ acts fixed-point-freely on ½Q; P. On the other hand, as G ¼ QP with Q normal in G, it is easy to see that C G ðgÞ ¼ C Q ðgÞC P ðgÞ for each g A P. In particular, if z A ZðPÞ À f1g, then so jQ : ZðGÞ q j ¼ q b . This implies that P acts fixed-point-freely. If t A P À f1g then
Thus jQ : C Q ðtÞj ¼ q b and consequently we have C Q ðtÞ ¼ ZðGÞ q . This proves that C ½Q; P ðtÞ ¼ 1, as we wanted to show. Now we can apply [8, Theorem 16.12] again. So P must be cyclic or generalized quaternion; but as P has exponent p it is cyclic of order p. This forces P to be abelian, which leads to a contradiction. Case 2.2. We assume that n is not a prime power and distinguish two cases depending on whether there are q 0 -elements of index m or not.
Case 2.2.a. Suppose that every q 0 -element of G has index 1 or mn. Fix a prime r A p 0 À fqg. For every r-element w of index mn we can certainly write C G ðwÞ ¼ C G ðwÞ p Â C G ðwÞ p 0 with C G ðwÞ p an abelian p-subgroup. Since
there exists a non-central p-element t A C G ðwÞ. As t has index mn too, we have C G ðwÞ ¼ C G ðtÞ and hence this subgroup is abelian. In general, if z is a non-central q 0 -element of G then r divides jC G ðzÞj, and so C G ðzÞ must coincide with the centralizer of some non-central r-element. However, we have seen that such centralizers are abelian, so all the centralizers of non-central q 0 -elements of G are abelian. Now, if all centralizers of non-central elements in G q 0 are conjugate, using the argument of Case 2.1.a, we arrive at a contradiction. If the centralizers of the non-central elements in G q 0 are not all conjugate, by the remark made after Theorem 9, we can apply Theorem 9 although G is not q-solvable, to get mn ¼ p a q b , for some prime p. This contradicts the hypothesis of Case 2.2.
Case 2.2.b. Suppose now that G has q 0 -elements of index m. We will prove that every element of G lies in a conjugate of C G ðV Þ where V ¼ C G ðgÞ p , which is the Hall p-subgroup of C G ðgÞ and a Hall p-subgroup of C G ðxÞ, and where g and x are the elements fixed at the beginning of Case 2. Then V J ZðGÞ and this is a contradiction because g is not central in G. We study separately the elements of index m and the elements of index mn in order to see this.
Let w be an element of index m. By considering the primary decomposition of w and by the assumption of Case 2, we can replace w so that its order is a power of some prime in p 0 . Suppose first that w is an r-element where r 0 q, and let Q be a Sylow q-subgroup
We have two possibilities according to whether these centralizers are equal or not. Suppose first that
We deduce in this situation that every element of C G ðwÞ has index 1 or n in C G ðwÞ, so by Theorem 5 we get that n is a prime power, which is a contradiction. Since the centralizer of the q 0 -element w coincides with the centralizer of the q-element x h , it easily follows that any q-element and any q 0 -element of C G ðwÞ must have index 1 or n in C G ðwÞ. Now take an arbitrary element z of C G ðwÞ and consider its decomposition z ¼ z q z q 0 . If z q or z q 0 has index mn in G, then C G ðzÞ is equal to C G ðz q Þ or C G ðz q 0 Þ and thus z has again index 1 or n in C G ðwÞ. So we can assume that z q and z q 0 have index m and that z has index mn in G. Also it can be assumed without loss that z is a p 0 -element, by the assumption of Case 2. The existence of p-elements of index mn implies that jC G ðzÞj p > jZðGÞj p . Therefore, there is a non-central p-element k A C G ðzÞ; but since k has index mn in G, we have C G ðzÞ ¼ C G ðkÞ and this subgroup is abelian. Thus C G ðzÞ J C G ðwÞ and z also has index n in C G ðwÞ, so this case is finished. We assume now the second possibility, that is, C G ðwx h Þ H C G ðwÞ. Again the existence of p-elements of index mn implies that jC G ðwx h Þj p > jZðGÞj p , and arguing similarly we get that C G ðx h wÞ coincides with the centralizer of some p-element. In particular, this centralizer is abelian, whence C G ðx h wÞ p is an abelian Hall p-subgroup of C G ðx h Þ which, by Wielandt's theorem, is conjugate to V h . We conclude that w belongs to some conjugate of C G ðV Þ, as wanted, and also that V is abelian.
Suppose now that w is a q-element. We are assuming that there are r-elements of index m for some r A p À fqg, so we can take without loss such an element v A C G ðwÞ.
Let Q be a Sylow q-subgroup of G such that Q J C G ðxÞ. Then there exists h A G such that Q h J C G ðvÞ. Since x h and w are q-elements of C G ðvÞ, we can replace w by a conjugate in C G ðvÞ and assume that w A Q h and thus w A C G ðvx h Þ. Arguing as in the above paragraph for the r-element v, we have that C G ðvx h Þ is strictly contained in C G ðvÞ. It follows that C G ðvx h Þ is an abelian subgroup strictly contained in C G ðx h Þ. Hence the Hall p-subgroup of C G ðvx h Þ is conjugate to V h and also this subgroup is abelian. As w A C G ðvx h Þ we conclude that w centralizes the Hall p-subgroup of C G ðvx h Þ, and consequently w centralizes some conjugate of V , as wanted.
Finally, assume that w has index mn and write w ¼ w p w p 0 . We observe that jC G ðwÞj p 0 ¼ jC G ðgÞj p 0 > jZðGÞj p 0 because x is a p 0 -element in C G ðgÞ. If w p is noncentral, it follows that C G ðwÞ ¼ C G ðw p Þ ¼ C G ðw p Þ p Â C G ðw p Þ p 0 , and C G ðw p Þ p 0 is abelian. Then there exists k A C G ðwÞ p 0 , which may be assumed of order r with r A p 0 , such that C G ðwÞ J C G ðkÞ. If w p is central, then C G ðwÞ ¼ C G ðw p 0 Þ and by the primary composition of w p 0 we can choose again an r-element k A C G ðwÞ, with r A p 0 , such that C G ðwÞ J C G ðkÞ. In both cases we study two possibilities for the index of k in G. If k has index m, the above paragraphs show that k centralizes V h for some h A G, and V h is an abelian Hall p-subgroup of C G ðkÞ. Hence C G ðwÞ p ¼ V t for some t A G, and w belongs to C G ðV Þ t . On the other hand, if k has index mn, then C G ðkÞ ¼ C G ðwÞ. As jC G ðkÞj p > jZðGÞj p by the existence of p-elements of index mn, then C G ðkÞ coincides with the centralizer of a p-element and therefore it is abelian. As C G ðxÞ contains a Sylow r-subgroup we can take an element h A G such that k J C G ðx h Þ. It follows that C G ðkÞ J C G ðx h Þ. Therefore the Hall p-subgroups of C G ðkÞ are abelian Hall p-subgroups of C G ðx h Þ and so are conjugate to V h . We conclude that w also lies in a conjugate of C G ðV Þ, as wanted. r
